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Abstract: In this paper, we present a new, graph-based modehng approach and a polynomial-sized linear 
Q i programming (LP) formulation of the Boolean satisfiability problem (SAT). The approach is illustrated with 

I a numerical example. 

in . 

, Keywords: Boolean Satisfiability; SAT; Linear Programming; Computational Complexity; Combinato- 
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1 Introduction 

O , Boolean satisfiability (SAT) is of central importance in many areas of Operations Research and 

Computer Science. In its general (conjunctive normal) form, the problem can be stated as follows. 
' There is a number of Boolean (binary) variables generically called "literals," and a number of cover- 

. type constraints implicitly defined over these variables, called "clauses." Pairs of the literals may 

QQ I be negations of each other. For example, if xi is a (positive) literal, the corresponding "negative" 

■ literal is not-xi (or ~^xi). A clause consists of a subset of the literals, and evaluates to TRUE if 

one or more of the literals in the subset are set TRUE. A conjunction of clauses is referred to as a 
"propositional" or "Boolean" formula. The problem is to find a "truth assignment" to the literals 
so that a given Boolean formula evaluates to TRUE, or to determine that no such assignment exists. 
. Practical applications of this problem abound in Operations Research and Computer Science (see 

[3] for examples). A version of the problem that is often used in theoretical developments is the 
"l-in-3 SAT" (or the "exactly-1 3SAT"). In l-in-3 SAT, each clause has exactly 3 literals, and a 
clause evaluates to TRUE iff exactly one of its literals is set (i.e., assigned a value of) TRUE. The 
5^ I reason for using l-in-3 SAT in theoretical developments is that the general SAT is polynomially 

transformable to l-in-3 SAT ([2], [7]). Also, because SAT was shown to be NP-complete (in fact, 
it was the first problem to be so [2]), the focus of research has been on the development of efficient 
enumeration schemes and heuristics (see [6] for an extensive survey). 

In this paper, we develop a linear programming (LP) model of a generalized version of l-in-3 
SAT where clauses are allowed to have arbitrary numbers of literals, respectively. We refer to this 
problem as "exactly-1 SAT." We use a bipartite network flow (BNF)-based model we develop, and 
a path-based modeling approach similar to that used in [3] to formulate this problem as a linear 
program. The approach is illustrated with a numerical example. 

The plan of the paper is as follows. The BNF-based model is discussed in section 2. The 
path-based formulation is discussed in section 3. The overall LP model is discussed in section 4. 
Conclusions are discussed in section 5. 

The following notation will be used throughout the rest of this paper. 
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Notation 1 (General notation) : 



1. TZ : Set of real numbers; 



2. For two column vectors x and y, 




will be written as "(x, y)" (where 



(•)'^ denotes the transpose of (•)), except for where that causes ambiguity; 

3. Xj : z*'* component of vector x; 

4. "0": Column vector (of comfortable size) that has every entry equal to 0; 

5. "l":Column vector (of comfortable size) that has every entry equal to 1; 

6. Conv{-) : Convex hull of (■); 

7. Ext{-) : Set of extreme points of (•). 

Definition 2 

1. We say that a clause (or a conjunction of clauses) is "satisfied" if it evaluates to TRUE; 

2. We refer to a complete set of truth assignments to the literals, as an "assignment;" 

3. We refer to a complete set of truth assignments to the literals that satisfy a given Boolean 
formula as a "satisfying assignment" for the formula. 

2 Bipartite network flow-based model 

Notation 3 (Exactly- 1 SAT parameters) : 

1. X := {xi,X2, ■ ■ ■ ,xi} (Set of literals) ; 

2. L := {1, 2,...,£} (Set of indices for the literals); 

3. Y := {{k,t) E L'^ : Xk and xt are negations of one another}; 

4. 1/ := \Y\ ; 

5. Z := {ci, C2, . . . , c^} (Set of clauses); 

6. C := {1, . . . , <j} (Index set for the clauses); 




Definition 4 We will henceforth refer to 



Pq := Conv < n G {0, 1}^ : ^ UijUj = l\/ieC; Uk + Ut = l V(fc, t) €Y 





(1) 



as the "exactly- 1 SAT polytope" (or simply, "SAT polytope," for convenience). 
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Theorem 5 There exists a one-to-one correspondence between the extreme points of the SAT poly- 
tope and satisfying assignments for exactly-1 SAT. 

Proof. Trivial. ■ 

In order to simplify the exposition of our linear programming formulation, we first develop a 
bipartite network flow-based model of Pq. 

Assumption 6 We assume without loss of generality (w.l.o.g.) that a "logical" clause, (Ik'^h)^ 
has been added to the set of clauses for each {k,t) G Y. 

Notation 7 (BNF form notation) : 

1. D :={<; + 1, ? + 2, ...,? + z/} (Index set for the "logical" clauses); 

2. C :=C\JD; 

3. Ti := {j e L : aij = 1} Wi eC ("Literal set" for clause Cj); 

4. Ti := \Ti\ yieC; 

5. Kj := {i eC : aij = 1} Vj G L ("Clause set" for literal xj); 

6. Kj := \Kj\ Vj G L; 

7. Fj := {1,2, ... ,Kj} e L (Index set associated with Kj); 

8. m := \C\ = q -\- v; 

9. n := ^ Kj. 

Assumption 8 We assume (w.l.o.g.) that: 

1. The members of Kj (j G L) have been arranged in increasing order of clause indices, with 
ttjk {k G Fj) as the index of the k*^ member (i.e., the ordering of Kj is such that ajk < otjt 
y{k,t) eV] -.kKt); 

2. aik X ait = V(A:, t) G Y", Vi G C; 

3. A "dummy" clause, Cm+i, has been added to the set of clauses, with am+ij = 1 Vj G L, and 
no restriction on the number of literals in Cm+i that can be set TRUE in order for Cm+i to 
evaluate to TRUE. 

4. The (given) Boolean formula is satisfiable (i.e., there exists at least one satisfying assignment 
for the formula). 

Remark 9 It follows from definitions that: V(/c,t) G Y, aik x ^it = 1 for exactly one i & D. 

Notation 10 V(i, j) G (C, Ti), Vij denotes a 0/1 variable that is equal to "1 " iff clause Ci is satisfied 
using literal Xj (i.e., by setting literal Xj TRUE). 
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The Bipartite Network Flow (BNF)-based reformulation of Pq is as follows: 



Problem 11 {BNF poly tope) : 



Pi := Conv{{v £ : ^ 

i6L 



a-ijVij = 1 yi G C; 



(2) 




n — m: 



Vj € L; 



(3) 



(4) 



VjeL, VA: G i}); 



(5) 



Vij G {0, 1} 



Vj G L; Vi G iTj; 



(6) 



Vm+l,j > 



Vi G L}) 



(7) 



Constraints ([2]) ensure (in light of constraints ([6])) that each clause is satisfied using exactly 
one literal. Constraints ([5]) ensure that either all the clauses containing a given literal are satisfied 
using the literal (corresponding to setting the literal TRUE), or none of them is satisfied using 
the literal (corresponding to setting the literal FALSE). Hence, constraints ([3])- ([5]) together ensure 
the consistency between the clause satisfactions and the truth assignments to the literals. Hence, 
Poly tope PI correctly models exactly- 1 SAT. 

Definition 12 We refer to Pi as the "Biparitie Network Flow (BNF) polytope." 

Theorem 13 The following statements hold true: 

i) There exists a one-to-one correspondence between the points of the BNF polytope, Pi , and the 
points of the SAT polytope, Pq; 

a) There exists a one-to-one correspondence between the extreme points of the BNF polytope, Pi, 
and satisfying assignments for exactly- 1 SAT. 

Proof. Trivial. ■ 

The BNF-based formulation of exactly-1 SAT is illustrated in Example I14[ 
Example 14 Let: 
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£ = 8 : 


X 


= {2;i,X2,X3,a;4,a;5,a:6,X7,X8}; 


1^ = 2: 


Y 


= {(2, 7), (4, 8)} with X7 = ^X2 


? = 6 : 


Cl 


= (Xi V V X6V~'X2); 




C2 


= (3;2 V V X5V~'x4); 




C3 


= (xiVxe); 




C4 


= (X4V"'X2); 




C5 


= (xiV~'x2V~'j;4); 




C6 


= (X2VX5). 



The associated BNF tableau is: 





Xl 


X2 


X?, 






X6 


Xl 


X8 


"Demand" 


Cl 


1 








1 


1 


1 




1 


C2 




1 


1 




1 






1 


1 


C3 


1 










1 






1 


C4 








1 






1 




1 


C5 


1 












1 


1 


1 


C6 




1 






1 








1 


C7 




1 










1 




1 


C8 








1 








1 


1 


eg 


1 


1 


1 


1 


1 


1 


1 


1 


13 


"Supply" 


3 


3 


1 


2 


3 


2 


4 


3 





□ 



3 Reformulation of the BNF polytope 
3.1 Multipartite graph representation 

We reformulate the BNF polytope, Pi, in terms of flows over the multipartite digraph illustrated 
in Figured! In this graph, nodes correspond to triplets (j, k, Ujk) G {L, Tj, Kj). In addition, there 
is a node in the graph corresponding to each triplet (j, k, m + 1) {{j,k) G {L,Tj)). The arcs of 
the graph are specified through the explicit statements of the forward and backward stars of the 
nodes. 

Definition 15 

1. We refer to the set of nodes of Graph G that correspond to a given pair {j, k) G (L, Tj) as a 
stage of the graph; 

2. We refer to the set of nodes of Graph G that correspond to a given clause as a level of the 
graph. 

In order to simplify the exposition, we perform a sequential indexing of the stages, as described 
below. 
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Notation 16 (Graph representation formalisms) 

1. n :=CU{m + l}; 

2. S" := {1, . . . , n} (Set of stages of Graph G); 

3. R:=S\{n}; 

( 1; for j = 1 



+ forj>l 

p=i 



y j £ L (Index of the stage corresponding to the pair (j, 1)); 

j 

A. ej := Yl V J £ (Index of the stage corresponding to the pair {j, Tj)); 
p=i 

5. Xr '■— niaxjj € L : bj < r} V r G 5 (Index of the literal to which stage r pertains); 

6. Mr := {a^,, r-b^^+i} Vr G 5; 

7. Nr := Mr U {m + 1} = {a^^, +1; ''tt- + 1} V r € 5 (Set of indices of the clauses that 
define nodes at stage r); 

8. V := {(i,r) G (rj, 5) : i G iVj (Set of nodes of Graph G); 
Nr-\-i\{t} for r < n; r = ; t / m + 1 
Nr+i for r < n; r = e^; t = m + l 

9. Fr(t) := Af,.+i = {a^^^ ^-6x^+2} for r < n; b^^ < r < e^^; t^m + 1 
{m +1} for r < n; 6^ < r < e-^ ; t = m + 1 
for r = n 

V r G 5, V t G (iC;^ U {m + 1}) (Forward star of node {t, r) of Graph G); 

{p G Nr-i : t G Fr-i{p)} for r > 1 

10. Br{t) := < 

for r = 1 

v 

V r G S*, y t G Nr (Backward star of node (t, r) of Graph G); 

11. A := {(i,r,j) G {n,R,n) : i e N^, j G Fr(i)} (Set of arcs of Grap/i G). 

The notation and structure of the graph representation are illustrated in Example 1191 and Figure 
[21 respectively, for the numerical example shown in Example 1141 

Remark 17 

1. Each stage of Graph G comprises exactly two nodes of the graph; 
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2. The maximum number of arcs originating from any stage of Graph G is four. 
Definition 18 

1. We refer to a path of Graph G that spans the set of stages of the graph as a through-path of 
the graph; 

2. We refer to a through-path of Graph G that includes each clause in C exactly once diS a SAT 
path of the graph; that is, a set of arcs, ((zi, 1, Z2), (^2, 2, ^3), n — I, in)) £ A^~^, is a 

SAT path iff ((Vi G C, 3 p G 5 9 ip = t), and (ip ^ ig^ip, ig) G C^ V(p, q) G {S, S\{p}))^ . 



Figure 1: General structure of Graph G 
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Example 19 

n = 21; 

5 = {1,2,...,21}; 
R = {1,...,20}; 



3 






1 


1 


3 


2 


4 


6 


3 


7 


7 


4 


8 


9 


5 


10 


12 


6 


13 


14 


7 


15 


18 


8 


19 


21 



r 




Mr 


Nr 


1 


1 


{1} 


{1,9} 


2 


1 


{3} 


{3,9} 


3 


1 


{5} 


{5,9} 


4 


2 


{2} 


{2,9} 


5 


2 


{6} 


{6,9} 


6 


2 


{7} 


{7,9} 


7 


3 


{2} 


{2,9} 


8 


4 


{4} 


{4,9} 


9 


4 


{8} 


{8,9} 


10 


5 


{1} 


{1,9} 


11 


5 


{2} 


{2,9} 


12 


5 


{6} 


{6,9} 


13 


6 


{1} 


{1,9} 


14 


6 


{3} 


{3,9} 


15 


7 


{1} 


{1,9} 


16 


7 


{4} 


{4,9} 


17 


7 


{5} 


{5,9} 


18 


7 


{7} 


{7,9} 


18 


8 


{2} 


{2,9} 


20 


8 


{5} 


{5,9} 


21 


8 


{8} 


{8,9} 



The corresponding graph is shown in FigurelM 
□ 

Remark 20 It follows directly from definitions that: 

1. There exists a one-to-one correspondence between the SAT paths of Graph G and the extreme 
points of the BNF polytope, Pi; 

2. There exists a one-to-one correspondence between the SAT paths of Graph G and the extreme 
points of the SAT polytope, Pq; 

3. There exists a one-to-one correspondence between SAT paths of Graph G and satisfying 
assignments for exactly- 1 SAT. 



SAT paths are illutrated in Figures [3] and [4] for the numerical example shown in Example 1141 
The through-path shown in Figure [3] is a SAT path, and corresponds to the assignment [xi = xi = 
X/i = TRUE, and X3 = x^ = xq = xj = xg = FALSE). The partial (i.e., non-spanning with 
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Figure 2: Illustration of the graph representation 



respect to the set of stages) path shown in Figure [4] corresponds to assignments in which X/j^ and X5 
are both set TRUE. It is easy to verify that there exists no SAT path in the graph that comprises 
this partial path, which is consistent with the fact that there exists no satisfying assignment for 
the example problem in which both X4 and X5 are set TRUE. 

Theorem 21 A given SAT path of Graph G cannot be represented as a convex combination of 
other SAT paths of Graph G. 

Proof. The theorem follows directly from the fact that every SAT path represents an extreme 
point of the standard shortest path network flow polytope associated with Graph G, 



W ■.= {w^^, 1] 



= 1; 



E 



^ w^j,r-i,i = V r € -R\{1}, V i G iV^ 



(where w is the vector of flow variables associated with the arcs of Graph (?) (see [!]).■ 



Notation 22 We denote the set of all SAT paths of Graph G as A; i.e., 



A:= {{{ii,l,i2),{i2,2,i3),...,{in-i,n-l,in)) e A'^ ^ : {3 p e S 3 ip = t t £ C) ; 
{ip / V {ip, z,) eC\y {p, q) G (S, S\{p})) } . 
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Figure 3: Illustration of a SAT path of Graph G 



Figure 4: Illustration of infeasibility for a SAT path 
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3.2 Integer programming reformulation 

Assumption 23 We assume w.l.o.g. that the number of stages of Graph G is greater than 5 (i.e., 
n > 6). 

Notation 24 ; 

1. V (p, s) G i?^ : 1 < p < s; V (i, j, u, v, k, t) € (iVi, Fi{i), Np, Fp{u), Ns, Fs{k)), 

denotes a non-negative variable that represents the amount of flow in Graph G that propagates 
from arc (i, l,j) onto arc {k,s,t), via arc {u,p,v); 

2. y {r, s) e R"^ : r < s, V (i, j, k, t) e (iV^, Fr{i), Ng, Fs{k)), y(irj){kst) denotes a non-negative 
variable that represents the total amount of flow in Graph G that propagates from arc {i, r,j) 
onto arc {k,s,t). 

The constraints of the Integer Programming (IP) version of our reformulation are as follows: 




(8) 



ieNi jeFi{i) veF2{j) teFsiv) 




p,s e R:2 < s + 1 <p; i e Ni; j e Fi{i); k e Ng; te Fs{k); u e Np 



(9) 




veBp{u) 
p,seR:2 



< p < s; i e Ni; j e Fi{i); k e Ng-, te 



v€Fp{u) 



Fsik); ueNp 



(10) 




p,s G R:l 



k£NsteFsik] 

< p < s; i € Ni; j € Fi{i); u & Np] v £ Fp{u) 



(11) 




p,s e R:l 



ueNp veFp{u) 
<p< s; ie 



i; j G Fi(i); k e Ng] te 



Fs{k) 



(12) 




s e R\{1}] i € Ni; j e Fi(z); k e N^; t e Fg{k); u G C\{i,j,k,t} 



(13) 
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y(upv){kst) ~ Z{i,l,j)(upv){kst) — 0; 

p,s e R:l <p < s; u e Np; v e Fp{u); k e N^; t e Fs{k) (14) 



XI yiirj){k,r+i,t) = 0; r G i?\{l}; i G iV^; j G Fr-(0 (15) 

fce(Afr.+i\{i})teF,.+ i(A:) 

Yl Y Y Yl y{iri){kst) + Y Y Y Y y{kst)(iri) + 

rg(_R\{n-l}): s&R: s>r k^Ns t&Fs{k) rg{_R\{l}): seR: s<r keNs teFs(fc) 

i£{NrnNr + l) ie{NrnNr + l) 

+ 2^ 5^ yiirj){ksi) + Y Y Y y{irj){isk) + 

{r,s)&R^: s>r;j£Fr{i) keB^+iii) {r,s)£R^: s>r;j£Fr{i) keFs{i) 
ie{NrnNs+i) i£(NrnNs) 

+ 5Z yijri){ksi) + Y Y Y yUri){isk) = 0; 

(r,s)Gi?2: s>r; j&Br+i{i) k&Bs+iii) {r,s)GR'^: s>r+l; j&Br+iii) k&Fs{i) 

ie(Nr+inNs+i) i£(Nr+inNs) 

i G C (16) 

Z Z Z Y Y y{irj){kst) + 

rG(R\{n-l}) ieNr je{Nr+i\Fr(i)) s(^R: s>r {k,t)e{N^, F^ik)) 

+ Y Y Y Y Y y{kst){irj) =0 (17) 

rei?\{l} ieNrje{Nr+i\Fr{i))s€R:s<r {k,t)£{Ns, Fs{k)) 



y{irj){kst) e {0, 1}; r,s G i? : 1 < r < s, (i, j, k, t) G (A^^, Fr{i), iV„ F,(A;)); (18) 

2;(j,ij)(«p,;){fcst) G {0, 1}; p,s e R: I < p < s; 

{i, j, u, V, k, t) G (A^i, Fi(i), Np, Fp{u), Ns, Fs{k)). (19) 



Constraint (|17p (in light of constraints (jlip . (|12p . and (|14p ) restricts the modehng to variables 
involving arcs of Graph G only (i.e., the variables defined in Notation [2^ . The propagation of 
one unit of flow from stage 1 of Graph G is initiated hy constraint ([H]). Constraints ([9]) and (jlOp 
ensure that all flows initiated at stage 1 propagate onward, to stage n of the graph, in a connected 
and balanced manner. Specifically, constraints ([9]) stipulate that the total amount of flow from 
arc that propagates through arc {k,s,t) and enters node {u,p) is equal to the amount of 

flow from arc (z, l,j) that propagates through arc {k,s,t) and leaves node {u,p); Constraints 
stipulate that the total amount of flow from arc (i, 1, j) that enters node {u,p) to propagate on to 
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arc {k,s,t) is equal to the amount of flow from arc that leaves node {u,p) to propagate on 

to arc {k,s,t). Constraints (jlip and (jl2p ensure that the propagation of the flow from a given arc 
at stage 1 of Graph G onto a given arc at another given stage of the graph is consistently accounted 
across all the other stages of the graph. Constraints (jl4p stipulate that the total amount of flow 
that propagates from arc {u,p,v) onto arc {k,s,t) is equal to the total of the flows from arcs at 
stage 1 that propagate onto arc {k,s,t) via arc {u,p,v). Constraints (fT3|) require that the total 
flow on any given arc of Graph G must propagate on to every level of the graph pertaining to a 
clause in C, or be part of a flow propagation that spans the levels of the graph pertaining to a 
clause in C. Constraints (|15p ensure that the initial flow propagation from any given arc occurs in 
an "unbroken" fashion. Finally, constraints (|16p stipulate (in light of the other constraints) that 
no part of the flow from arc {i,r,j) of Graph G can propagate back onto level i of the graph for 
i G C, or onto level j for j G C. 

Theorem 25 

i) The number of variables in the system ([8|)- (|16p is O (0^) ; 

ii) The number of constraints in the system ([8P- (jl6p is O (0^) ; 
where 9 := i ■ {£ + 



Proof. Let Kmax '■= maxjgi{Kj}. Then, we have: 

Kmax < ? + < ? + (20) 

Hence, 

n:=Y,Kj<e- K„,ax < + \i) < ^(? + e). (21) 
Condition i). Remark [T7] and Notation 12411 =^ an upper bound on the number of the z- variables 



is: 

1 



UB, = 2^{n^) <2^ i^£{q + ^e)j < 2^ {£{<; + i)f = 2^ ■ 6'^ . (22) 

Similarly, Remark 1171 and Notation [2312 =^ an upper bound on the number of the y-variables is: 

UBy = 2^(n2) < 2^ [l{<; + U)^ < 2^ (£(? + £)f = 2^-9^ (23) 

It follows directly from ([22]) and ([23]) that {UBz + UBy) is bounded by a degree-2 polynomial 
function of 9. Condition i) of the theorem follows directly from this. 

Condition ii). From inspection, the numbers of the constraints ([9]) and (|10p have the highest order 
of complexity respectively, of the classes of constraints in the system ([8])- (ll6p . Hence, it is sufficient 
to consider only one of these two classes of constraints in order to establish the complexity order 
of the total number of constraints of the system. 
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Remark [T7] =^ an upper bound on the number of the constraints ([9]) is 



Hence, the total number of constraints in the system (j8|)- (|16p is bounded by a degree-2 polynomial 
function of 9. Condition ii) follows directly from this. ■ 

Definition 26 

1. We refer to the set of points in the space of the y- and z- variables that satisfy the system 
©-([ISI) as the "IP Polytope," and denote it by Q/; i.e., Qi := {{y,z) € TZ"^ : {y,z) satisfies 
(f8l)- (fT9l) }. where is the number of variables in the system (f8l)- (fT9l) . 



2. We refer to the linear programming relaxation of Qj as the "LP Polytope," and denote it by 
Ql', i.e., Ql ■= {{y,z) G TZ^ : {y,z) satisfies (f8|)- (fT6|) . and < {y, z) < 1}, where zu is the 
number of variables in the system (|8l)- (ll6p . 



Theorem 27 {y,z) G Qj <^=^> 3 exactly one set of clause indices, {ij- € Nr, r = 1, . . . ,n}, such 
that: 

^) 

{1 for r,s £ R : I < r < s; {a,b,c,d,e, f) = {ii,i2,ir,ir+i,is,h+i) 
otherwise 

ii) 

{1 for r,s e R : r < s; {a,b,c,d) = (v, V+i, is, ^s+i) 
otherwise 
Hi) 3 p € S 9 ip = t y t £ C; 

iv) V {p,q) G {S,S\{p}), {ip,ig) G ^ ip ^ iq. 

Proof. Let {y,z) G Qi. Then, given (fT8|) - (fT9|) : 

a) ^: 

a.i) Constraint ^ =^ 3 a unique set of clause indices, {ir G 0, r = 1, . . . , 4}, such that: 

^(n,l,i2)(i2.2,i3)(i3.3,i4) = 1 (25) 

Condition i) follows directly from the combination of (j25p . Q, and (jlOp . 

a.ii) Condition ii) follows from the combination of Condition i) with constraints (jlip . (jl2p . ()14p . 
and (fT5D. 
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a.iii) Condition Hi) follows from the combination of Conditions i) and ii) with constraints ()13p . 

a.iv) Condition iv) follows from the combination of Condition Hi) with constraints (jl6p . 

b) ■^=: Trivial. ■ 

Theorem 28 The following statements hold true: 
i) There exists a one-to-one correspondence between the points of Qi and the SAT paths of Graph 



ii) There exists a one-to-one correspondence between the points of Qi and satisfying assignments 
for exactly- 1 SAT; 

Hi) There exists a one-to-one correspondence between the points of Qi, and the extreme points 
of the SAT polytope, Pq; 

iv) There exists a one-to-one correspondence between the points of Qi, and the extreme points of 

the BNF polytope, Pi ; 

v) ExtiQi) = Qi. 

Proof. Conditions i) follows directly from the combination of Theorem [27] and Definition I18[2. 
Conditions ii) — iv) of the theorem follow from the combination of Conditions i) with Remark 1201 
Condition v) follows from the combination of Condition i) and Theorem 1211 ■ 

3.3 Linear programming reformulation 

Our linear programming reformulation of the BNF polytope, Pi , consists of Ql ■ We show that every 
point of Q]^ is a convex combination of points of Qj, thereby establishing (in light of Theorems [2T] 
and I28|) the one-to-one correspondence between the extreme points of Ql and the points of Qi. 

Lemma 29 (Flow conservation lemma 1) Let {y,z) G Ql. The following holds true: \/{a,b) G 
{Ni,Fi{a)), \/{p,q,r,s) £ : l< p < q; 1 < p < r < s, 





ipeNp jpeFpiip) iq&Nq jq€Fq(ig) 



Proof. V(a,6) G {Ni,Fi{a)), V(p, 



q, r, s) e : I < p < q; 1 < p < r < s, 




ipGNp jp€Fp{ip) iqGNq jq&Fq{iq) 



ip^Np jp€Fp{ip) 



= 12 Yl Ha,lMip,Pdp)iir,r,jr) (Using (dH)) 



ipeNp jp&Fp[ip) ir&Nr jreFr{ir) 




ir&Nr jr^Friir) ip^Np jp€Fp{ip) 



= Y Y y{a,iMir,r,jr) (Using ([12])) 



ireNr jr<=Friir) 



= Y Y Y Y Ha,imr,r,jr){is,s,js) (Using ([II])) 
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Lemma 30 (Flow propagation lemma 1) Let {y,z) G Ql. The following holds true: 
V(n,i2,i3,i4) G {Ni,Fi{h),N3,F3{i3)), 

i) is G ^2(^2); and 

^0 ^(n,i,j2){j2,2,i3)(j3,3,M) > 0- 



y(n,i,*2){i3,3,i4) > 



(26) 



Proof. Constraints (jl2p for p = 2 and ,8 = 3 can be written as: 
y(n,i,i2){i3,3,i4)- X] X] ^(n,i,i2)(«,2,i))(j3,3,i4) = V(ii, ^2, ^3, ^4) £ (A^i, -^1 (^i), A^3, ^3(^3)) (27) 

MGAf2 veF2{u) 



(28) 



Constraints ([T5]), ((TT|) and (fT4j) ^ 

2(n,i,i2)(«,2,i,)(j3,3,i4) > ^ It = Z2, and u = i3 

V(ii,i2,U,i3,^',i4) G (iVl,Fi(ii),iV2,iV3,A^3,i^3(i3) 
Using ([28]) . (p7|) can be written as: 

2/(ii,i,i2){i3,3,M) - ^(n,i,i2)fe,2,i3)fe,3,i4) = V(n,i2,i3,i4) G (A^i, -^i(n), A^3, ^3(^3)) (29) 
The lemma follows directly from the combination of (j29p , constraints (jl2p , and constraints (jl7p . ■ 

Lemma 31 (Flow propagation lemma 2) Let {y,z) E Ql- Then, we must have that: 

yr£R:r>A, V(n, i2, ^3, V, Wi) G (^i) ^i(n), N3, ^3(23), iV^, F,.(v)), 

' i) is G i^2(i2); 

^(n,l,i2){i3,3,i4){ir,r,Wi) > < ii) Z{h,l,i2){i2,2,i3)ii3,3M) > 0; (30) 

. i'i'i) ^(ji,l,i2){j2,2,j3){v,r,j,.+i) > 0- 

Proof. 

a) Constraints (fTTl) =^ 

^(ii,i,i2)(j3,3,M)(jr,r,v+i) > 2/(41, 1,i2)(j3,3,i4) > Vr G i? : r > 4, 

V(ii,i2,i3,i4,ir, ir+l) G (iVl, Fi(ii), N3, ^3(^3), A'r, i^r(ir))- 

Conditions i) and ii) of the lemma follow directly from the combination of (j3ip and Lemma [30l 
6) Using ([TT]) . (fT2]) . ([15]) . and ([T7|), constraints ([10]) for p = 2 and n = is can be written as: 

^(n,i.2)(..2.3)(.,...0 - E -(n.i.2)(.3,3.)(.,...0 = 

yseR:s>A- V(ii,i2,i3,i.,is+i) G (A^i, Fi(ii), F2(i2), A^s, i^s(is)) • 



(31) 
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Hence, in particular, we must have: 

^(n,i,«2){i2,2,i3){v,r,jr+i) ~ ^(n,i,i2)(«3,3,i4)(jr,r,v+i) ^0 VrGi?:r>4; 

y{il,i2,i3,k,ir,ir+l) & (Nl, Fl(n), i^2(«2), i^3(«3), ^r, i^r(v)) • (32) 

Condition Hi) follows from the combination of Condition i) and (1321). ■ 



^(«l,l,«2){i2,2,j3){*4,4,i5) > 



Lemma 32 (Flow propagation lemma 3) The following holds true for all {y,z) Ql: 
y{k,i2,i3,H,i5) (^{Ni, Fi(ii), ^2(^2), N4, ^4(^4)), 

a) ^(n,i,i2)(i3,3,M)(i4,4,i5) > 0; (33) 

. ^^^) ^(ii,l,i2)(i2,2,i3){i3,3,j4) > 0- 

Proof. 

a) Using (fTTI) . (fT2]l . (fTll) . and (fTSl) . constraints (fTOl) for p = 3 and u = is can be written as: 

■^(«l,l,«2){i2,2,i3){i4,4,i5) ~ ^ ^(il ,l,«2)(«3,3,'y)(j4,4,i5) ~ ^ 
«^GF3(i3) 

V(n,i2,^3,i4,^5) G (A^i, i^i(ii), A^3, A^4, i^4(i5)) (34) 
Constraints ([M]) 

V(ii,i2,«3,'y,'i4,«5) G (^1, ^i(ii), ^^3, ^3(^3), ^^4, F4{ii)), \ 

(35) 

^(n,l,«2)(j3,3,l))(j4,4,j5) > =^ y(j3,3,l))(j4,4,j5) > ^ / 

Constraints (fT5]) =»- 

( y{i3,v,i4,h) e {N3, ^3(^3), A^4, ^4(44)), y(i3,3,«)(i4,4,i5) > ^ t; = i4) (36) 
Constraints (llTh and Statement ()36|) 

(V(i3,i4,^5) G (^^3, A^4, i^4(u)), y(i3,3,j4){i4,4,i5) > ^ U G -^3(^3)) (37) 

Using (f36l) and (f37|) . (fMl) can be written as: 

^(n,l,«2){i2,2,j3)(i4,4,j5) ~ ^(n,l,i2)fe,3,j4){i4,4,j5) = 

V(n,i2,i3,i4,i5) G (A^i, Fi{ii), N3, F3{i3), ^4(^4)) (38) 
Conditions i) and ii) follow directly from (j37p and (j38p . 



6) Using Condition i) of the theorem, constraints ([HI), (fT^ . dH]), and (fTC|) . constraints ([U|) for 
p = 4, and u = 14 can be written as: 

^(«l,l,«2){i2,2,i3)(i3,3,j4) ~ ^(ii,l,«2)(j2,2,i3)(j4,4,?j) = 

t;gF4(i4) 

V(n,i2,i3,i4) G (A^i, Fi(ii), iV3, i^3(^3)) (39) 
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Hence, in particular, we must have: 

^(n,l,i2)(i2,2,i3)(»3,3,M) ~ ^(n,l,i2)(*2,2,i3)(i4,4,i5) — ^ 

V(ii,i2,^3,i4,^5) G (A^i, Fiih), N3, F-siis), F^iu)) 
Condition Hi) follows directly from (PO]) . ■ 



(40) 



Lemma 33 (Flow propagation lemma 4) The following holds true for all (y, z) € Ql: 

Vr€-R:3<r<n — 3, 

y{h,i2,ir,ir+l,ir+2,ir+3) G {Nl, Fi{ii), Br+l{ir+l), A'r+l, i^r+2(V+2)), 

i) V+2 G -^r+i(v+i); 

, in) ^(ii,l,i2)(ir,?-,jr + l)(ir+l,»- + l,ir+2) ^ 



^(n,l,i2)(jr,»',ir+l)(ir + 2,r + 2,ir.+3) 



Proof. 

a) Using (fTTj) . (fT2]) . ([HI), and (fT5|) . constraints ([TO]) for p = r + 1, s = r + 2, and n = ir+i, can be 
written as: 

E -(n,i.2)(..v..)(......2..,3) - E -(n,i.2)(.....i.)(..2..2,.,3) = 

veBr + l{ir + l) fG-FV + l(«r + l) 



Vr€i?:3<r<n — 3, 

V(zi,i2, V+2, V+3) G (^^1, Fi{ii), Nr+l, Nr+2, ^^+2(^+2)) 

Constraints =^ 

( \fr e R : 3 < r < n - 3, y{ii,i2,ir+i,v,ir+2,ir+3) G \ 

(iVi, Fi(ii), A^'r+l, Fr+l{ir+l), Nr+2, i^r+2(V+2)), 
\ ^{ji,l,i2)(v+i.f"+l.f)(v+2,r+2,v+3) ^ ^ y(v+i,r+l,-!;){v+2,r-+2,v+3) ^ ^ / 

Constraints (fT5]l ^> 

VrEi?:3<r<n — 3, V(2r+i, i', V+2, V+3) G 

(iV,.+l, Fr+i(ir+l), A''r+2, -^r+2(V+2)), y(v+i,r+l,j;){v+2,r-+2,v+3) > = ^r+2 

Constraints ([H]) and Statements (03])- (gi]) ^ 

VrGi?:3<r<n-3, V(v+i, W2, V+a) G (iVr+i: ^r+2, ^^+2(^+2)), 

y(v+i,r+l,v+2)(ir+2,r+2,i,+3) > =^ ir+2 G F,.4.i(v+i) 
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(42) 



(43) 



(44) 



(45) 



Using (gH) and (gi]), (gll) can written as: 

^ ] ^(n,l,«2)(f ,r-,ir+l)(ir + 2,r+2,jr + 3) ~ ^(u , 1 ,«2 ) («r+ 1 if'+l ,ir + 2) («r+2 ,r- + 2,V+3) ~ 

DeBr + l(ir+l) 

Vrei2:3<r<n-3, 

V(n,i2, V+3) e (^^1, ^l(n), A'r+l, Fr+l{ir+l), Fr+2(ir+2)) (46) 

Hence, in particular, we must have: 

^(n.l,«2){v,r,v+i){v+2,''+2,ir+3) ~ ^iii,l,i2){ir+l,r+l,ir+2)iir+2,r+2,ir+3) — 

VrGi2:3<r<n-3, V(ii, 'j2, V, V+i, V+2, V+s) G 

(TVi, Fr+l{ir+l), Fr+2{ir+2)) (47) 

Conditions i) and ii) follow directly from (j45p and (j47p . 

6) Using Condition i) of the theorem and constraints (jlll (|12p . (jl4p . and (jlSp . constraints ([9|) for 
p = r + 2, s = r, and u = ir-+2 can be written as: 

^(n,l,«2){«r,r,ir+l){jr + l,r + l,ir+2) ~ ^(il , 1 ,12 ) (ir ,r-,ir+ 1 ) { jr + 2 ,»' + 2,t;) " 

ve-Fr + 2(ir+2) 

VrGi?:3<r<n — 3, 

V(ii,'j2, V, V+i; V+2) G (A^i, -^i(ii), -Br+i(v+i), Nr+i, F^+i(v+i)) (48) 
Hence, in particular, we must have: 

^(n,l,«2){jr,r,v+i){jr+i,r-+l,ir+2) ~ ^(u , 1, 12) { V .r, V+1 ) {ir+2 ,r+2, v+s) — 

Vrei?:3<r<n-3, V(ii, ^2, V+i, V+2, V+s) ^ 

(A^l, Fi(ii), fi,+i(v+i), Nr+1, Fr+iiir+i), ^,.+2(^+2)) (49) 
Condition Hi) follows directly from ([Ml). ■ 

Notation 34 For {y,z) £ Ql-' 

1. The sub-graph of G induced by the positive components of {y,z) is denoted as: 

H{y,z): = {Viy,z),Aiy,z)), (50) 

where: 
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Viy,z) :={ 



jeFi{{)teF2{j) 

ya,l,birj ~^ 

aeNi beFi{a) jeFr{i) 

^ 12 Yl ya,l,bj,r-l,i > 

oeA''i beFi{a) jeBr{i) 



> u 



(51) 



A{y,z) := { {i, l,j)eA: ^ yi,i,jj,2,t > > U 

t£F2U) 



{i,r,j)eA:Y ^ ya,i,birj > 

aeNi beFi (a) 



> . 



(52) 



2. The set of arcs of H{y, z) originating at stage r of H{y, z) is denoted Ar{y., z); 



3. The number of arcs originating at stage r of Graph H{y,z) is denoted r]^{y,z) = \ Ariy,z) \ . 
For simpUcity r)^ {y, z) will be henceforth written as r]^ (unless that causes ambiguity) ; 

4. The index set associated with Ar{y-,z) is denoted Aj.(y, z) := {1,2,... ,7/^}. For simplicity 
kr{y,z) will be henceforth written as A^; 

5. The v*^ arc in Ar{yjZ) is denoted as ar^u{y,z)- For simplicity ar^u{y,z) will be henceforth 
written as Ur^u', 

6. The tail of a^,;/ is labeled ir^uiy,z); the head of ar^uiy,z) is labeled jr,uiy,z). For simplicity, 
ir,v{y-i z) will be henceforth written as ir,u, and jr,u{y, z), as jr,v; 

7. Where that causes no confusion (and where that is convenient), for (r, s) ^ B? : s > r, and 

{p,a) G \ir,p,r,jr,a)iis,a,s,js,S wlU bc licnccforth wrlttcu as \r,p){s,a)" Similarly, for 

(r,s) € with 1< r < s and ia,p,a) G (Ai, A^.A,), "^(ii,„,iji,„)(v,p,r,>,p)(i.,.,5j..cr)" will be 
henceforth written as "2;(i,a)(r,p)(s,CT)-" 

Definition 35 {"Paths in (y,z)'') Let {y,z) G Ql- ^ {r,s) e B!^ : s > max{3,r + 1}, 
V(z^i,z^r,J^s) e (Ai,Ar,As), a set of arcs ofH{y,z), 

{{ar,u,, . . .,as,uj e {E{y,z)y-^+^ : (^;(i,^i)(p,'^p)fe'^.) > ^ V(p,g) G i?^ ; 
max{2,r} < p < q < s - 1); {ip^„^ = jp-i,up-i Vp G (i?n [r + l,s]))} , 

is referred to as a "path in {y,z) from (r, i/^) to (5,^5)." 

Notation 36 Let {y, z) G Ql- ^ {r,s) e E!^ : s > max{3, r + 1}, V {p, a) G (A^, A^), 

1. The set of all paths in {y,z) from {r,p) to {s,a) is denoted f/(r,p)(s,(7)(y) -2^); 

2. The index set associated with U(^r,p){s,cr)iyi z) is denoted ^(^j.^p-j(^g^f^-^{y, z) := 
{1,2,... ,^(^,p)(,,<,)(y,z)}, where ^(r,p}(s,a}iy, z) := |f/(r,p)(s,<T)(2/, 4| ; 
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3. The k*^ element of U(r,p)(s,a){y, z) {k G ^{r,p)is,a){y, z)) is denoted C(^r,p),(s,a),k{y^^)'^ 

4. V/c € ^>(^^p)(s,^)(y, 2;), the set of clauses included in is denoted 7^r^p)^(s,^),fc(y, 2); 
i-e., ^(r,p),(s,o-),fc(y,^) := ( {ten-. 3 {ap^^^ G ^(r,p),(s,o-),fc(y, 2), p G [r + 1, s - 1]) a ip^y^ = t] 

Theorem 37 (Distinct paths in (y,z)) Let {y,z) G Ql. Then, V (r, s) G i?^ : s > max{3,r + 

1}, V(qi,/3i) G (Ar,As) : f^(r,ai)(s,/3i)(y,2) / 0, V A; G ^(r,ai){s,/3i)(y,^), ^{02,^2) ^ {K-,^s) ■ 

3{g€R:r<g<s; {rj^,!]^) G {Ag, Ag\{r]^})} 9 

{"'9,V^ ^ ^{r,ai),{s,l3^),k{y,z) and ttg^rj^ G C(^j.,a2),{s,l32)Ay ^ ' 

Proof. The theorem follows directly from the combination of constraints ()lip . (1121) . (I14|) . and 
(fT5]) . and Definition [35l ■ 

Theorem 38 (Path structure theorem 1) Let {y,z) G Ql- The following holds true: 
V(r,s) G mi/i s > max{3,r + 1}, V(p, cj) G (Ar,As), y{r,p){s,a) > ^^(r,p)(s,a)(2/, ^) / 0- 

Proof. First, note that it follows directly from the combination of Lemmas [30]|33l that the 
theorem holds true for all (r, s) G with s G {r + 1, r + 2}, and all {ur, lys) G (A,-, A^). 

a) Assume there exists an integer lo > 2 such that the theorem holds true for all {p,t) 

G with t = p + Lu, and all {up, vt) G (Ap, At). We will show that the theorem must hold for all 
(p, u) G R^ with u = t + 1 = p -\- uj + 1, and all {vp, Vy) G (A^, A^). 



Let (p, u) G R^ with n = p + w + 1, and {vp, u^) G (Ap, A^) be such that: 

y{p,up){u,uu) > 0- 

Define: 

Iip,up){u,uu)iy^z) := {a G Ai : > 0}. 

Then, (HH), ([12]) and ([53])^ 

-^(p,i.p)(«,i.„)(y,^) / 0, with 

y{p,Up)(u,Uu) ~ Til Z(i^a){p,Up)(u,Uu) 



(53) 
(54) 



(55) 



Condition (j55p . and constraints (jlOp and (jl5p 

V a G /(p,^^)(„,i.„)(y,z), 3 J„^(p_^^)(„^^^)(y,z) C Ap+i 9 : 

ip+l,l3 = jp,up P ^ Ja,{p,up){u,u^){y,z) 

^i) ^(i,a)(p+i,/3){n,i.„) > V /3 G Ja,(p,z.p)(M,i.„)(y,2); and 

^(l,a){p,i.p)(«,i/„) < E ^(1,q)(p+1,/3)(«,z.„)- 



(56) 
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By assumption (since u = {p + 1) + uj), condition ([561 m) =^ 

)iy,z) (57) 

Also, it follows from the combination of condition (j53p . constraints ([9]), and constraints (jl3p . that: 

V /? G JQ,(p,i.j,)(„,j.„)(y,^), 3 {T(p^^,p)(p+^^)(„^^^)(y,z) C ^>(p^;^^^)(„^^^)(y,z)} 9 : 
{(^)(i,Q)(p,i.p)(g,z.,,0 > e T(p^j,p)(p+^^)(„^^^)(y,z), 

Vg G (i?n [p+ l,n]), and V Ug^, G A, : ap,i.j,_, £ 2)} (58) 

Hence, V /? € Ja,(p,i/p){n,i.„)(2/, 2) and V t e T(p^j,p)(p+i^^)(„^^^)(y, z), 

I := (/:(p+i,/3)(n,j.„),.(y,2) U {ap,i.j) 

is a pai/i in f'yj^J from {p-.Vp) to {u,Uu)- Hence, we have that [/(p j^^)(y, z) 7^ 0. 
b) Follows directly from Definition ()35p and constraints p4p . ■ 

Corollary 39 Zei {y,z) S Qj^. The following hold true: 

i)y S e R\{1} , V(a,Cr) G (Ai,A5), y(l,Q)(s,a) > U(_i,a){s,a){y,z) + 0- 

zij V (r,s) G (i?\{l})2 mi/i s > max{3,r + 1}, V(a,/9,cr) G (Ai, A,., A^), 

{^^•1) f^(l,a)(s,a)(y,2) / 0, a'^C^ 
11.2) 3 K G ^>(i,Q)(s,a)(y,^) 3 ar,p G 'C(i^„)_(^_„)^^(2/,z). 
Theorem 40 Let {y,z) G Ql. The following hold true: 
V(a,/5) G (Ai,A„_i) : f/(i,a)(„_i,/3)(y, ^) / 0, V A; G ^'(r,p){s,<7)(y, ^), 
i) C C '7^i,a)(s,<x),fc(y,^); 

^^;v(p,(?)G(5,5\M), (v 

) G (^(i,Q)(s,o-),fc(y> z)\{m + 1}) =^ ip^i^p / iq_,^^ 

Proof. Condition i) follows from the combination of constraints (jl3p and Corollary [39j 
Condition ii) follows from the combination of constraints ()16p and Definition [35j ■ 

Definition 41 ("SAT path in (y,z)") Let {y,z) G Ql- V(z^i,i/n-i) G (Ai,A„_i), a path in 
{y,z) from (l,i^i) to (n — l,i/„_i) is referred to as a "SAT path in {y,z) (from {1, 1^1) to (n — 

l,i^n-l))." 

Notation 42 Let iy,z) e Ql- For all {a, (3) G (Ai,A„_i), 

1. The set of all paths in {y,z) from (l,a) to (n — l,/3) is denoted as Ilai3{y,z); 

2. The index set associated with Hq,^(2/,z) is denoted ^'^^(y, 2) := {1, 2, ... , irai3iy,z)}, where 
T^cpiy^z) := \Ua(siy,z)\; 

3. The /c*^ element of Ha/^iy, z) is denoted Vai3k{y, z). 
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Remark 43 Let {y,z) e Ql-^ (a,/3) G (Ai,A„_i), 

2. '^a^{y,z) = $(i,Q),(„_i,/3)(y,2); 

3. 7r„/3(y,z) = v?(i^„)(„_i_^)(y,z); 

4. We assume (w.l.o.g.) that: Vapk{y,z) = ^{i,a),{n~i,(3),k{y^ ^) ^ ^ T^ap{y,z)- 

Theorem 44 (Equivalences for SAT paths in (y,z)) For {y,z) G Ql '■ 

i) Every SAT path in {y,z) corresponds to exactly one SAT path of Graph G; 

a) Every SAT path in {y,z) corresponds to exactly one extreme point of the SAT polytope, Pq; 

Hi) Every SAT path in (y, z) corresponds to exactly one point of the BNF polytope, Pi; 

iv) Every SAT path in {y,z) corresponds to exactly one satisfying assignments for exactly-1 SAT; 

v) Every SAT path in {y,z) corresponds to exactly one point of Qj. 

Proof. Condition i) follows from the combination of Theorem |30] and Definitionll8i2. Conditions 
ii) — v) follow from the combination of Condition i) with Theorems 1551 and \2^\ and Remark I20[ ■ 

Theorem 45 ("Convex independence" of SAT paths in (y,z)) Let {y,z) € Ql- A given 
SAT path in {y,z) cannot be represented as a convex combination of other SAT paths in {y,z). 

Proof. The theorem follows directly from the combination of Theorems [M] and [2T1 ■ 
Theorem 46 (Path structure theorem 2) Let {y,z) G Ql. The following holds true: V r G R, 



V p G Ar, 3 {(a,/3) G (Ai,A„__i); i£'^apiy,z)} 3 {Or.p G Vaf3,iy,z)}. 



Proof. 



Case 1: r 



1. From dnH) and (f52]) : 





(59) 



Condition (j59p and constraints (jlip 



3 fl £ A„_i 9 2;(r,p){2,a)(n~l,p) > 0. 



(60) 



Condition ()60p and constraints (jlip 



3 /i G An-l 9 y(r,p)(n-l,M) > 0. 



(61) 



The theorem follows from the combination of (j6ip with Theorem 1381 



Case 2: r = n-1. From 1^ and ([52]) : 




(62) 
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The theorem follows from the combination of (|62p with Theorem [ 
Case 3: 1 < r < n-1. From ([5T|) and (l52|) : 

ar,p G 2) ^ 3 a G Ai 9 ?/(i,a)(r,p) > 0. (63) 
Condition ([63]) and constraints ([TT]) 

3/i E A„_i 9 > 0. (64) 

The theorem follows from the combination of (j64p with Corollary [39fi. ■ 

Corollary 47 Zei (y, z) G Qz,. T/ie following hold true: 
i) Va G Ai, Vr G i?\{l}, Vp G A^, 

?/{i,a)(r,p) > 3 (/3 e A„_i; i G ^'a/3(y,z)) 9 ar,p G 7^„/3t(2/,z); (65) 

V(r, s) G : 1 < r < s, V(a, p, cr) G (Ai, A^, A^), 

Z(i,a){r,p){s,a) > <^ 3 (/3 G A„_i; i G ^a/3(?/,2)) 9 (o^.p, a^.a) G Vlp,{y,z). (66) 

Lemma 48 (Flow conservation lemma 2) Xei (y, z) G Ql. T/ie following hold true: 

i) y{l,a){r,ur) = Hha){p,up)(r,ur) 

Va G Ai, V(p, r) G i?^ : 1 < p < r, V i^^ G A^ 

Va G Ai, V(r, q) e : I < r < q, 'i Vr ^ K 

Proof. The lemma follows directly from the combination of constraints (jlip and ()12p . and 
Theorems [371 HSl [Ml and Corollary [171 ■ 

Definition 49 ("Weights" oi SAT paths in (y,z)) Let {y,z) G Ql- For (a, (3) G (Ai,A„_i) 
such that y(i,a)(n-i,/3) > 0, and k G ^i^„-_i(y, z), ?i;e refer to the quantity 

^aPk{y,z):= mi'^, {Z(l,a){p,up)(q,uq)] (67) 

{p,q)eR^; {up.Uq) e (Ap,Aq): 
l<p<g; (ap,,.p, a,,^,) g P^iji^{y,z) 

as the "weight" of (SAT path in (y,z)) VafSkiy, z). 

Remark 50 It follows directly from Definitions \35\ and\4^ that for {y,z) G Ql, ^af3i,{y,z) > V 
(a,/?) G (Ai,A„_i) : ^af3{y,z) / 0, V i G Vaf3,{y,z). 
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Theorem 51 (Path structure theorem 3) Let {y,z) G Ql. The following hold true: 
i; V a G Ai, V r G R\{1}, V p G A^, 

2/{l,a)(r,p) = X] ^ UJaf3,{y,z) 

a) y{r, s) e R'^ : 1 < r < s, V(a, p, a) G (Ai, A^, Ag), 

^(l,«)(r,p)(s,a) = 5Z 5Z ^aPi{y,z) 

in) V(r, s) G : 1 < r < s, V(/>, cr) G (A^, A^), 

2/{r,p){s,<7) = X] X] X] ^aPiiV^z) 

Proof, o) Condition i. First, note that from the combination of constraints ([8]), Q, ()10|) . and 
(jl5p with Remark 1501 Theorem (j45p . and Theorem (j46|) . we must have: 

^(l,a)(2,/3){3,5) = Z Z Z ^aAy,z) = '^- 

«2,/3=il,a h,S=j2,l3 



a.l) From Definition US dM]) =^ 

Z Z ^(i,"){2,/3)(3,5) = Z] Z] ^o^eiiv^z) VaG Ai (69) 

i2,l3=jl,a h,S=j2,l3 

Lemma [29] and relations (1691) =^ 



Z Z = Z Z ^o.Qt'iy^^) Va G Ai,V(r,s) G i?^ : 1 < r < s (70) 



Using constraints pT|) . relations (jTOj) =^: 

Z y(i."){np) = Z Z Va G Ai,Vr G i?\{l,n - 1} (71) 

Using Theorem [371 (|7ip can be written as: 

Z = Z Z Z ^aQi{v,z) Va G Ai,Vr G i?\{l,n - 1} (72) 

peAr pGAr £ieA„_i te*Qe(y,z): 
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Re- arranging (j72|) gives: 



E 



\ 



\ 



e6A„_i tG'I'ae(y,2): 



Va G Ai,Vr G i?\{l,n 



/ 



a. 2) Combining Lemma HSln with Definition 1491 we have that: 

0'q,Uq G 'Pal3L{y,z) 



ar,p G 'PaeAy,z) 

V r G - 1}, yqeR:q>r, y{a,p) G (Ai, Ar) 

Relations ([731) and (I7il) ^ 

y{i,a)(r,p) = X] X] ^cQi-iy^z) Vr G - l},V(a,p) G (Ai, Ar) 

eGA„-i iG'I'aefe.z;): 

Hr.p G VagiiyyZ) 

a. 3) Using constraints (fT2]) . relations ([70|) ^^: 

XI y(i:")(^.<^) = Y Y ^"^^(2/'^) Va G Ai,Vs G i? : s > 2 

Using Theorem [371 dZS]) =^ 

X y(i.")(^.<^) = X X X ^aQi-iy^z) Va G Ai,Vs G : s > 2 

o-GAs ctGAs £)GA„_i iG'I'aefe.z): 

aa,crS:VagLiy,z) 



Re- arranging (j77p gives: 



E 

o-GAs 



y(l,a)(s,,7) - X Y ^aBc{y,z) 



£iGA„_i iG*ae(y,z): 



Va G Ai,Vs G : s > 2 
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a. 4) Combining Lemma HSli with Definition 1491 we have that: 



y(l,a)(.,<T) = E E E 

Z(^,a){p,up)(s,a) 

ap,„p G 'Pai3,iy,z) 

SEE E 

V(p, s) G i?^ : 1 < p < s; s > 2, V(a, cr) G (Ai, A^) 
a.5) Relations ([78]) and (|79l) ^ 

y{l,a){s,a)= X] X] ^agL{y,z) Vo G Ai , Vs G : S > 2 

eGA„_i iG'I'Qpto.z): 
as,(TGPciet(j/,z) 

a. 6) Condition i of the theorem fohows from the combination of (j75p and ([80 
6) Condition ii. 

6.1) Using Theorem 1371 and Corollary l47iM. (|70p can be re-written as: 

pGAr O-GAs /3GAn-l L€'$al3{y,z)- pGA,. (tGAs 

(ar,p, as,a)&Plp,{y,z) 

V(r, s) G fi^ : 1 < r < s, Va G Ai 
Re- arranging ([8T|) gives: 



/ 



EE 

pGAr (TGAs 



/3gA„_i tGl-c/sCy.^): 



V(r, s) G ii^ : 1 < r < s, Va G Ai 
6.2) From Lemma HSln. we have: 

+ E E E 

Vr&hr-. /3gA„_i /.G'l'Q^iC?;,^): 

V(r,s) G ii^ : 1< r < s, V(a,p,cj) G (Ai,Ar,A,). 
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6.3) From Condition i, we have: 

V(r, s) G i?^ . 1 ^ ^ ^ ^) ^ (Ai, Ar, A,) (84) 

6.4) Definition im^: 

V(r, s) G ii^ : 1< r < s, V(a, p, a) G (Ai, A^„ A,) (85) 

6.5) Relations dMD-dSS]) =^ 



Z(l,a){r,p){s,c7) < Z Z ^a(}i{y,z) 

/3gA„_i (.e1'c^fo,z): 

(ar.,p,as,CT)eP^^^(?;,2) 

V(r, s) G i?^ : 1< r < s, V(a, p, a) G (Ai, A^, A,) (86) 
6.6) Combining ()82p and ()86p . we must have: 

2:(l,a){r,p)(s,i/,) = Z Z ^al3i{y,z) 

(ar,p,as,a)eP^^,(?/,2) 

V(r, s) G i?^ : 1< r < s, V(a, p, cr) G (Ai, A^, A,) (87) 
c) Condition Hi. From the combination of constraints (1141) and Condition ii, we have: 



V(r,s) G : 1< r < s, V(p, a) G (A„A,). 



Corollary 52 (y, z) ^ Qi <^=^ (?/) -2) corresponds to a convex combination of satisfying assign- 
ments for exactly- 1 SAT with coefficients equal to the weights of the corresponding SAT paths in 

Theorem 53 The following holds true: 

i) Conv{Qi) = Conv{Qi); 

ii) ExtiQi) = Ext{Qi) = Qj. 

Proof. Condition i) of the theorem follows directly from the combination of Theorem 
Theorem 1451 and Corollarv 1521 Condition ii) follows from the combination of Condition i) and 
Theorem [251 ■ 
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Corollary 54 The following mappings are bijective: 

i) Bi : ConviQL) ^ Po; 

ii) B2 : ConviQi)^ Pi; 
Hi) B3 : ExtiQi) I — > A. 

4 Linear programming model of exactly- 1 SAT 

Theorem 55 Let 6z and 5y he arbitrary vectors of scalars of comfortable dimensions, respectively. 
The following statements are true of basic feasible solutions (BPS) of 

Problem LP : min z) := 6'^ ■ z + 6y ■ y j {y, z) eQi} (89) 

and satisfying assignments for exactly- 1 SAT: 

i) Every BFS of Problem LP corresponds to a satisfying assignment for exactly-1 SAT; 

ii) Every satisfying assignment for exactly-1 SAT corresponds to a BFS of Problem LP; 

Hi) The mapping of BFS's of Problem LP onto satisfying assignments for exactly-1 SAT is sur- 
jective. 

Proof. Statements (j551 i) and (j55i ii) follow directly from the combination of Theorem [53} 
Corollary I541zi^. and the correspondence between BFS's of LP models and extreme points of their 
associated polyhedra (see [U pp. 92-101]). Statement (f55l in) follows from the primal degeneracy 
of Problem LP (see [HI p. 32]). ■ 

Corollary 56 Problem LP solves exactly-1 SAT. 

5 Conclusions 

We have developed a first polynomial-sized linear programming model of the Boolean Satisfiability 
Problem. The model represents a new proof of the equality of the computational complexity 
classes P and NP. With respect to practice however, empirical testing is needed in order to assess 
the computational performance of the model. 
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